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Background & Goals

Doing logistic regression properly requires MLE.
Doing MLE in Excel is not easy. See Schield 2014a

Schield has identified three OLS shortcuts:

OLS1: Model Ln(Odds(p)) where p is near 0 or 1
OLS2: Model Ln(Odds(p)) where p is grouped data
OLS3: Use OLS to estimate logistic parameters.

These slides compare OLS3 with MLE.
Schield (2014b) presents the OLS3-based approach.
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Predict Gender using Height

Source: Minitab Pulse dataset

A B (o D E F G H
Pulse?  Pulse2  Height Weight Activity Run? Smokes? Male?
48 54 68 150 1 0 1 1
54 56 69 145
54 50 69 160
58 70 72 145
58 58 66 135
58 56 67 125
60 76 7 170
60 62 71 1585
60 70 71.5 164
120
61 70 65.5 120
62 76 735 160
62 75 72 195
62 53 72 175
62 100 66 120
62 93 6275 | 112
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Model Gender by Height (OLS)
Must use logistic regression

This trend-line does not satisfy the least-squares
assumptions and it goes outside the valid range.

. Trend line: OLS
Bicel 2013 Gender by Height
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la: MLE Logistic Regression

of Gender by Height
. MLE Logistic
Excel 2013 Gender by Height 8
1 e o o o000 oo
Me|

o 0.75 MLE Logistic regression

s P(Y|X) =1/ {1 +Exp[-(a + bX)]}
= a=-53.32; b =0.7905.

é‘ 0.5 X =Xoif P(Y)=0.5 4———— Xo=-a/b=67.4529

§ Slope(X=Xo) = b/4 = 0.1976
© 0.25
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Women
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1b: MLE Logistic Regression
vs OLS(Y | X) of Gender on Height

Different slopes but they intersect near P(Y) = 0.5

MLE Logistic and
OLS Gender on Height
[ XX =

Excel 2013 Gender by Height

100% e o o oo

Based on MLE logistic regression

& p(Male) = 0.5 when X = 67.4529

759 -
y =0.0953x - 5.9282

R?=0.5102
0.5=0.0953*Xc - 5.982

Xc=(0.5 +5.982)/0.0953
c=67.4626

Probability (Male)
g
X

25%
Slope =0.0953
0% eee o o o o
60 62 64 66 68 70 72 74 76

Height (inches)

Pulse.xls Schield

2014-Schield-Logistic-MLE-OLS3-Excel2013-Slides.pdf 1




Logistic Regression: MLE vs. OLS3 in Excel2013

25 Aug 2016 VOH

VOH ‘Schield MLE vs. OLS3-Based Logistic Excel 2013 7

1c: MLE Logistic Regression
vs OLS(X |Y) of Height on Gender

Similar slopes near P(Y) = 0.5

. MLE Logistic and OLS
reel 2013 Gender by Helght of Heigght by Gender
1 e o o eoce ,
Men,

MLE logistic regression
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1d: Intersection from OLS(Y | X)
Get slope from OLS(X |Y)

Very nice estimate!
Bxcel2013 ) ogistic: Gender by Height: MLE vs OLS-Based

1 e o @ eoo0e oo
Men

Estimate: Dashed line

e
3
G

P = 1/{I+exp[4(Xo-X)/(M2-M1]}

P = 1/{1-+exp[4(67.45-X)/(5.35)]}

o
N
&

MLE: Solid line

Probability (Male)
=
«

Women

T o8 ! : "
= P(Male) = 0.5 when X = 67.4529 Ave Height of Men: 70.75
2 06 <Slope (X=67.45)=0.1976 Ave fit of All: 68.72
z 62% are men
S04
- Ave Height of OLS2 Height|Gender
& 02 Women 65.40" 0 Means difference: 5.35
’ Women Slope =1/5.35=0.1868
0 ede o o o o
60 62 64 66 68 70 72 74 76
Height (inches
Pulse.xls eht ( ) Schield
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2a: MLE Logistic Regression

of Gender by Weight.
Excel 2013 Gender by Weight MLE Logistic
1 o O ®000000 000 e e 00 o

Men

MLE Logistic regression
0.75 P(Y|X) =1/ {1 +Exp[-(a + bX)]}
a=-21.48;b=0.1577.

<+——— Xo=-a/b=136.218
Slope(X=Xo) = b/4 = 0.0394

X =Xoif P(X) = 0.5

Probability (Male)
o
N o
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Women
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2b: MLE Logistic Regression
vs OLS(Y | X) of Gender on Weight

Different slopes but they intersect near P(Y) = 0.5

o MLE Logistic and
Excel 2013 Gender by WEIght OLS Gender o§Weight

100% . o Weooo o 00 o000

0 @e00ee o o
920 115 140 165 190 215
Weight d
Pulse.xls eight (pounds) Schield
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2c: MLE Logistic Regression
vs OLS(X | Y) of Weight on Gender

Similar slopes near P(Y) = 0.5

Excel 2013 . MLE Logistic and OLS
Gender by WEIght of Weight by Gender
1.00 . ° @ o0eo o 00 o0 .
Men

-
Re

_-*" Ave Weight Men: 158.26

L Ave Wtof All: 145.15#
62% are men

MLE logistic regression
0.75  p(Male) = 0.5 when X = 136.22#

Ave Weight of

0.25 OLS Weight |Gender
- Women 123.80#

Probability (Male)
o
w
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- Means difference: 34.46
e Women Slope = 1/34.46 = 0.0290
0.00 eoee-§ e0ee 00 o o
110 120 130 140 150 160 170
Pulse.xls Weight (pounds) Schield

= 5% MLE logistic regression
2 P(Male) =05 whenx=136.226 > /.. ¥ = 0.0146x - 1.4956
2 Slope (X=136.22) = 0.0394 1. g R? = 0.5022
Z 5% S
= ey 0.5 =0.0146*Xc - 1.4956
- N R B Xc = (0.5 +1.4956)/ 0.0146
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2d: Intersection from OLS(Y | X)
Get slope from OLS(X |Y)

Fairly good estimate
Excel 2013 Logistic: Gender by Weight: MLE vs OLS-Based
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3a: MLE Logistic Regression
of Gender by Rest Pulse

Almost flat! Discriminatory power is weak.

MLE Logistic
Excel 2013 Gender by Rest Pulse ¢

1 L ® 00000000000000 o000

P(Y[X) =1/ {1 +Exp[-(a + bX)]}
a=4.61; b=-0.0561.
Slope(X=Xo) = b/4 = -0.0140

X=Xoif P(X)=0.5 <«— Xo=-a/b=82.22bpm

Probability (Male)
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0.25 e :
MLE Logistic regression
Women
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Pulse.xls (bpm)

Schield
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3b: MLE Logistic Regression
vs OLS(Y | X) of Gender on Pulsel

MLE and OLS1 match near P(Y|X) = 0.5

MLE Logistic and
Fxcel 2013 Gender by Rest Pulse OLS Gender or% Pulsel

100% ~. ® ® 0000000000 00OCO OO0

P(Male) = 0.5 when Xo = 82.22 bpm

%‘ 75% y=-0.0127x + 1.5417
s R?=0.0814

> 50% ..P(Y) =0.5if X = 82.32>
% IMLE logistic regression Slope =-0.0127

F
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3c: MLE Logistic Regression
vs OLS(X |Y) of Gender on Pulsel

Very dissimilar slopes near P(Y) = 0.5

25%  slope =-0.0140
0% eemece o vecccene oo o )
40 50 60 70 80 920 100 110 120
Rest Pul: m
Pulse.xls est Pulse (bpm) Schield
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3d: Intersection from OLS(Y | X);
Get slope from OLS(X |Y)

Very bad estimate
Brcel 2013 ogistic: Gender by Pulsel: MLE vs OLS-Based
1 "".'-""‘M..l\ze.n oo
A

N P = 1/{1+exp[4(X0-X)/(M2-M1]}

‘\ Estimate: Dashed line
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= + -X)/(-
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Excel 2013 MLE Logistic and OLS
Gender by Rest Pulse of Rest Pulse by Gender
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Analysis and Conclusion
Model Gender:

#1: R2=51% by Height. “Good estimate”
#2: R2=50% by Weight. “Fair estimate”
#3: R2= 8% by Rest Pulse. “Bad estimate”

Conclusion #1: Using OLS(Y|X) for Xo and
using OLS(X|Y) for the associated slope
works fairly well when the overlap is small or
moderate: OLS(Y|X). R-squared is high: > 0.5

Conclusion #2: Must use MLE when the overlap
is large: OLS(Y|X) R-squared is low (< 0.5).
But why bother if the model explains so little?

References & Derivation

Schield, Milo (2014a). www.statlit.org/pdf/
Model-Logistic-MLE1A-Excel2013-Slides.pdf
Model-Logistic-MLE1C-Excel2013-Slides.pdf

Schield, Milo (2014b). www.statlit.org/pdf/
2014-Schield-Logistic-OLS3-Excel2013-Slides.pdf

Ln(Odds) = atbX. P/(1-P) = exp(a+bX)

P=1/[1+exp(-a-bX)]. If P=1/2 at X=Xo, a = -bXo.

P=1/{1+exp[b(Xo—X)]}. b=4*dp/dx)X=Xo.

P=1/ {1+ exp[4*(Xo-X)*Slope]}

If slope = 1/(M2-M1), P = 1/{1+exp[4(Xo-X)/(M2-M1]}

2014-Schield-Logistic-MLE-OLS3-Excel2013-Slides.pdf 3
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Background & Goals

Doing logistic regression properly requires MLE.
Doing MLE in Excel is not easy. See Schield 2014a

Schield has identified three OLS shortcuts:

OLS1: Model Ln(Odds(p)) where p is near O or 1
OLS2: Model Ln(Odds(p)) where p Is grouped data
OLS3: Use OLS to estimate logistic parameters.

These slides compare OLS3 with MLE.
Schield (2014b) presents the OLS3-based approach.
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Predict Gender using Height

Source: Minitab Pulse dataset

A B L D E F G H
1 | Pulsel | Pulse2 Height Weight  Activity Run? Smokes® Male? |
2 48 h4 BB 150 1 0 1 1
3 54 56 69 145 2 0 1 1
4 54 50 69 160 2 0 0 1
5 58 70 72 145 2 1 0 1
b 58 53 b6 135 3 0 0 1
7 58 56 67 125 4 0 0 0
i 60 76 71 170 3 1 0 1
9 60 62 71 155 2 0 0 1
10| &0 70 715 164 2 0 1 1
11 60 66 6.2 120 2 0 0 0
12| 61 70 65.5 120 2 0 0 0
13 62 76 3.5 160 3 1 1 1
14| 62 75 72 195 2 1 0 1
15| 62 58 72 175 3 1 0 1
16| 62 100 66 120 2 1 0 0
17 62 98 6275 112 2 1 1 0
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Model Gender by Height (OLS)
Must use logistic regression

This trend-line does not satisfy the least-squares
assumptions and it goes outside the valid range.

Excel 2013 . Trend line: OLS
Gender by Height
1 ® & @ S e e See .08 @
y = 0/0953x|- 5.9282 .

_— f R*=0.5102 o

o 0.8

= 0.6 )

= -

e

o 0.4 - "
® ‘\ﬁure Height of All: 68.7
o 62% are men

L 0.2

Women
0 & e8-"88 & & & 8 & @& @& @
61 B2 63 64 65 w1 6/ 68 69 70 1 72 73 M 75

Height (inches)
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la: MLE Logistic Regression

of Gender by Height
Excel 2013 Gender by Height MLE Logistic
1 ® © o o000

MLE Logistic regression
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P(Y|X) =1/ {1+ Exp[-(a + bX)]}
a=-53.32; b=0.7905.

Xo =-a/b =67.4529
Slope(X=Xo) = b/4 = 0.1976

X = Xo if P(Y) = 0.5
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1b: MLE Logistic Regression
vs OLS(Y | X) of Gender on Height

Different slopes but they intersect near P(Y) = 0.5

. MLE Logistic and
Excel 2013 Gender by Height OLS Gender of Height

°®
°®
°

100% ® | ® 00

- 75Wistic regression
= P(Male) = 0.5 when X = 67.4529 =/ ..~ y=0.0953x - 5.9282
= Slope (X = 67.45) = 0.1976 R2=0.5102
>  50% °
£ 0.5 = 0.0953*Xc - 5.982
2 Xc =(0.5 +5.982)/ 0.0953
S 25%  Xc=67.4626 >
Q- Slope = 0.0953
0% i ® o o ®
60 62 64 66 68 70 72 74 76
Height (inches) schield
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1c: MLE Logistic Regression
vs OLS(X | Y) of Height on Gender

Similar slopes near P(Y) = 0.5

Excel 2013 . MLE Logistic and OLS
Gender by HEIght of Height by Gender

1 ® o o o000 ,

MLE logistic regression

v 0.8 : , "
= P(Male) = 0.5 when X = 67.4529 Ave He'gfht I‘I’.f6'\ge”2-"7°-75
2 4.6 <Slope (X = 67.45) = 0.1976 > Ave Ht of All: 63.7
> 62% are men
3 0.4
2 Ave Height of OLS2 Height|Gender
a 0.2 Women 65.40" Means difference: 5.35
’ Women < Slope=1/5.35=0.1868__>
0 oo o o o o

60 62 64 66 68 70 72 74 76

Pulse.xls Height (inches) Schield
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1d: Intersection from OLS(Y | X)
Get slope from OLS(X | Y)

Very nice estimate!
Exce| 2013 Logistic: Gender by Height: MLE vs OLS-Based

1 o o o 00
Men

Estimate: Dashed line

= 0.75

2

£ 05 P = 1/{1+exp[4(X0-X)/(M2-M1]}
L0

©

L0 — -

S 025 S E— P = 1/{1+exp[4(67.45-X)/(5.35)]}

Women
e o000 o o o o

60 62 64 66 68 70 72 74 76
Height (inches)

Pulse.xls Schield
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2a: MLE Logistic Regression

of Gender by Weight.
Excel 2013 Gender by Weight MLE Logistic
1 ® © @000 ¢ 00 000 o000 °

Men
MILE Logistic regression

o
N
v

P(Y|X)=1/{1+Exp[-(a + bX)]}
a=-21.48; b =0.1577.

Xo =-a/b=136.218
Slope(X=Xo) = b/4 = 0.0394

X = Xo if P(X) = 0.5

0.25

Probability (Male)
o
Ul

Women
0 G0 O ®e0ee ¢ ©°
90 115 140 165 190 215
Weight (pounds
Pulse.xls ght (p ) Schield
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2b: MLE Logistic Regression
vs OLS(Y | X) of Gender on Weight

Different slopes but they intersect near P(Y) = 0.5

. MLE Logistic and
Excel 2013 Gender by Weight OLS Gender of Weight

100% [ ® 0000 6 06060 00O

759 MLE logisti ssion
° P(Male) = 0.5 when X = 136.22#_>

Slope (X=136.22) = 0.0394

............. y = 0.0146x - 1.4956
.......... R? = 0.5022

0.5=0.0146*Xc - 1.4956
Xc = (0.5 + 1.4956)/ 0.0146

 Xc=136.7 >

OLS Slope =0.0146

o0 O 000 © %o 00 oo o ®
100 110 120 130 140 150 160 170

Weight
Pulse.xls eight (pounds) Schield

50%

25%

Probability (Male)
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2c: MLE Logistic Regression
vs OLS(X | Y) of Weight on Gender

Similar slopes near P(Y) = 0.5

Excel 2013 . MLE Logistic and OLS
Gender by WEIght of Weight by Gender

1.00 e () o0 06 0606 ©6 00 OO
Men

MLE logistic regression

- .
0.75  p(Male) = 0.5 when X = 136.22# -7 Ave Weight Men: 158.26
< Slope (X=136.22) = 0.0394 > e Ave Wtof All: 145.15#
g 62% are men

Probability (Male)
o
(0]
o

0.25 Ave Weight of OLS Weight|Gender
' Women 123.30# Means difference: 34.46
Women < Slope = 1/34.46 = 0.0290 >
0.00 oo 06 06 o o e ®
110 120 130 140 150 160 170
Weight (pounds) Schield

Pulse.xls
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2d: Intersection from OLS(Y | X)
Get slope from OLS(X | Y)

Fairly good estimate
Peel2013 - Logistic: Gender by Weight: MLE vs OLS-Based

1 () ® 0000 O 00 000
Men

MLE: Solid line

o
N
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o
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100 110 120 130 140 150 160 170 180
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3a: MLE Logistic Regression
of Gender by Rest Pulse

Almost flat! Discriminatory power Is weak.

Excel 2013 MLE Logistic

Gender by Rest Pulse

1 (] o 00000000000000 00O
Men

P(Y|X)=1 /{1 + Exp[-(a + bX)]}
a=4.61; b=-0.0561.
Slope(X=Xo) = b/4 = -0.0140
<+«—— Xo=-a/b=82.22 bpm

g
N
n

X = Xo if P(X) = 0.5

Probability (Male)
o
(0]

0.25 L. .
MLE Logistic regression
Women
0 0e0 000 © 00000CGNKHO 00 O
40 50 60 70 80 90 100 110 120

Rest Pul b
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3b: MLE Logistic Regression
vs OLS(Y | X) of Gender on Pulsel

MLE and OLS1 match near P(Y|X) = 0.5

MLE Logistic and
Excel 2013 Gender by Rest Pulse OLS Gender or? Pulsel

100% [ o 0000000000 OCOCOCOF OOCGO

T 5% y =-0.0127x + 1.5417
= R? = 0.0814
> 50% o . < P(Y)=0.5if X =82.32>
= IMILE logistic regression Slope = -0.0127
E o<"P(Male) = 0.5 when Xo = 82.22 bpm—>
2 25% | slope = -0.0140
0% OO0 000 & 0000000 OCGF OO O
40 50 60 70 80 90 100 110 120
Rest Pulse (b
est Pulse (bpm) Schield

Pulse.xls
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3c: MLE Logistic Regression
vs OLS(X | Y) of Gender on Pulsel

Very dissimilar slopes near P(Y) = 0.5

MLE Logistic and OLS

Excel 2013
Gender by Rest Pulse of Rest Pulse by Gender
1 ° ®© 000600090 000 0 00 oo 0
Men Ave rest pulse of Men: 70.42
% 0.8 \ Ave rest pulse of All: 72.87 bpm
= 0.6 MLE logistic regression 4 62% are men
2 Slope=-0.0140 >
E 0.4 OLS Pulsel|Gender
S o2 Means difference: -6.44 \ Ave rest pulse of
Q. — Women 76.86 bpm
Slope = 1/(-6.44) = -0.154 P
< Slope = 1/(-6.44) = LI VY /
0 ® 000 0 0 O ° ‘e 0 0 ¢ 000 o o0 °
50 60 70 80 90 100

R Pul
Pulse.xls est Pulse (bpm) Schield
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3d: Intersection from OLS(Y | X);
Get slope from OLS(X | Y)

Very bad estimate

Freel 2013 Logistic: Gender by Pulsel: MLE vs OLS-Based
1 ____._-o-ooco-oc-om\ool\zo o0
\ en
\ P = 1/{1+exp[4(Xo-X)/(M2-M1]}

o
N
Ui

\
“ Estimate: Dashed line
®  p-1/{1+exp[4(82.32-X)/(-6.44)]}

MLE: Solid line

Probability (Male)
o
(93]

Women <
0 000000 © 000000080 -00-0— -

40 50 60 70 80 90 100 110 120

Weight (pounds)
Pulse.xls Schield
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Analysis and Conclusion
Model Gendezr:

#1: R2=51% by Height. “Good estimate”
#2: R2=50% by Weight. “Fair estimate”
#3: R2= 8% by Rest Pulse. “Bad estimate”

Conclusion #1: Using OLS(Y|X) for Xo and
using OLS(X]Y) for the associated slope
works fairly well when the overlap is small or
moderate: OLS(Y|X). R-squared is high: > 0.5

Conclusion #2: Must use MLE when the overlap
IS large: OLS(Y|X) R-squared is low (< 0.5).
But why bother if the model explains so little?
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References & Derivation
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_n(Odds) = a+bX. P/(1-P) = exp(a+bX)

P =1/[1+exp(-a-bX)]. If P=1/2 at X=Xo, a = -bXo.

P =1/{1+exp[b(Xo-X)]}. b=4*(dp/dx)|X=Xo.

P =1/{1 + exp[4*(Xo-X)*Slope] }

If slope = 1/(M2-M1), P = 1/{1+exp[4(Xo0-X)/(M2-M1]}
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